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ABSTRACT: We study the quantum properties of certain BPS Wilson loops in N = 4
supersymmetric Yang-Mills theory. They belong to a general family, introduced recently,
in which the addition of particular scalar couplings endows generic loops on S3 with a
fraction of supersymmetry. When restricted to S2, their quantum average has been further
conjectured to be exactly computed by the matrix model governing the zero-instanton
sector of YMs on the sphere. We perform a complete two-loop analysis on a class of
cusped Wilson loops lying on a two-dimensional sphere, finding perfect agreement with
the conjecture. The perturbative computation reproduces the matrix-model expectation
through a highly non-trivial interplay between ladder diagrams and self-energies/vertex
contributions, suggesting the existence of a localization procedure.
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1. Introduction

The AdS/CFT correspondence []-f] is a particularly striking example of relation between
gauge theories in four dimensions and string theories: N = 4 supersymmetric Yang-Mills
(SYM) theory is expected be dual to type IIB superstring theory on AdSs x S°. In order to
check this powerful connection one would like to compare results for the same observables
as obtained from the different sides of the correspondence. Unfortunately, while it is rela-
tively easy to compute quantities at weak coupling through familiar gauge techniques and
at strong coupling by exploiting string methods, there is no overlap between the regions of
validity of the two calculations. The original checks of the conjecture have been therefore
restricted to compare highly protected quantities, such as correlation functions of chiral
operators, where the full complexity of perturbation theory does not need to be taken into
account.

In the last years the situation has experienced a dramatic improvement with the dis-
covery of integrability in N' = 4 SYM at large N [[l]: Bethe ansatz techniques applied to
the computation of anomalous dimensions of local operators have opened the possibility to
extrapolate results from weak to strong coupling. The most astonishing example involves
the so-called cusp anomaly, whose nonperturbative expression is encoded into an exact
integral equation [ff]: the weak coupling perturbative solution agrees with the Feynman
diagram expansion [ while the strong coupling asymptotic solution [[{|-[LT] reproduces
the sigma-model result obtained from string theory [ [14].

More recently we have seen also an impressive advance in studying scattering ampli-
tudes in ' =4 SYM at large N: a particulary intriguing conjecture for the all-order form
of MHV n-gluon amplitudes has been proposed in [[5], starting from the weak coupling



expansion. The BDS conjecture was found to be consistent with the string computation
performed at strong coupling by Alday and Maldacena [L] for n = 4. Quite surpris-
ingly Wilson loops play a central role in this last development, the amplitude itself being
calculated from light-like loops in string theory. This unexpected relation, appearing in
string theory from a T-dual description of the scattering process, holds even at weak cou-
pling [[7—-P(] and survives the recent six-gluons calculations [21-P3] while disproving the
BDS conjecture in its original form. The cusp anomaly is also part of this story, appearing
directly in the amplitudes through divergent and finite terms: actually its original definition
was exactly given in terms of light-like Wilson loops [24, Rj].

The importance of Wilson loops in checking AdS/CFT correspondence emerges also
in a different computation, that represents an older example of interpolation between weak
and strong coupling: the circular Wilson loop, whose exact expectation value, calculated
from the gauge theory side, appears to be captured by a matrix model [6, 7], encoding
the full perturbative expansion. This result is consistent with the AdS/CFT prediction,
the strong coupling limit being precisely reproduced by string computations including an
infinite series of 1/N corrections R§—-B({] (see also [BI]-[BH]). Nevertheless the belief that a
matrix model controls the circular Wilson loops was largely based on the original two-loop
computation [R6], showing that in Feynman gauge only exchange diagrams contribute to the
quantum average, self-energies and vertex diagrams describing the true SYM interactions
summing to zero in the final result. A subsequent argument [R7], based on the conformal
relation between the circle and the trivial straight line, was often advocated to justify the
assumption that interacting diagrams decouple at all orders, at least in Feynamn gauge,
but a clear reason for this astonishing cancelation was missing. Doubts on this all-order
behavior, based on Wilson loops correlators at three-loops, were raised in [B6, B7] while it
was soon realized that there are many matrix models, with the same two-loop expansion,
leading to the string result at strong coupling [Bg.

On the other hand the circular Wilson loop is invariant under a particular subset of
superconformal transformations, generated by combinations of (Q’s and S’s charges: with
respect to the full superconformal group it is a 1/2 BPS object. For long time it was
suspected that the deep reason behind the exact matrix model computation should be
found in the BPS property: in particular the vanishing of interacting diagrams suggested
the existence of some twisted version of the theory [B9], making the circular Wilson loop
a topological observable. Recently it was proved [{J] that this is indeed the case: the
theory can be formulated on S* in such a way that the path integral localizes on a finite
dimensional space and reduces to a simple gaussian matrix model. The circular Wilson
loop, due to its invariance properties, can be computed as an observable in this matrix
model, leading to the expected result: quite interestingly instanton corrections are claimed
to be absent. The author has studied also the more general situation of N' = 2, 2* theories
obtaining localization on more complicated matrix models and instanton corrections.

It is very tempting therefore to study generalizations of the circular Wilson loops,
carrying some amount of superconformal invariance: they could generate new exact com-
putations at gauge theory level, in principle testable at strong coupling by string theory.
An important step in this direction has been taken in [{]]: the authors have been able to



construct a family of supersymmetric Wilson loop operators in N' = 4 SYM, modifying the
scalar couplings with the geometrical contour. For a generic curve on an S in space-time
the loop preserves two supercharges but they discussed special cases which preserves 4, 8
and 16 supercharges. They also found for certain loops explicit dual string solutions. Of
particular interest are the loops restricted to S? because a one-loop computation suggests
the equivalence with analogous observables in purely bosonic Yang-Mills theory on the
sphere. Two-dimensional Yang-Mills theory on compact surfaces can also be solved by
localization [iJ] and one would suspect the methods presented in [fiq] for the circular loop
may be extended to the present situation. Another interesting feature is that the contours
are not constrained to be smooth and possible links with the cusp anomaly may be explored.

To pursue the above program it is important to check the equivalence between su-
persymmetric Wilson loops on S? and two-dimensional Yang-Mills observables beyond the
leading perturbative order: even at two loops this involves a non-trivial technical compu-
tation. Basically one should calculate the fourth-order contribution, in closed form, to a
generic contour lying on a sphere embedded in space-time: all the loops in this family are,
in particular, non-planar. The strategy followed in the case of the circle [Rq] was first to
prove finiteness of a generic loop, with the usual scalar coupling, in the Feynman gauge and
then to show, in the circular case, the cancelation between self-energy diagrams and vertex
diagram, without computing any integrals at this order. The sum of ladder diagrams can
be instead performed rather easily, being reduced to a matrix model problem because the
effective propagators turns out to be constant. The situation here appears far more com-
plicated: it is not guaranteed to find similar properties and the conjectured result could be
recovered through a delicate combination of ladder and interacting diagrams.

In this paper we are mainly concerned with this problem and we perform the two-loop
computation needed to support the conjecture. We will restrict ourselves to a class of
contours made by two longitudes separated by an arbitrary angle: these contours have
cusps but, as we will see later, no divergence arises thanks to the peculiar scalar couplings.
We find that the equivalence with Yang-Mills theory on the sphere survives at two loops in
a rather non-trivial way: in fact only when ladder diagrams are combined with self-energy
and vertex graphs the expected result is recovered. The plan of the paper is the following:
in section 2 we briefly review the properties of the family of loops introduced in [41]], paying
particular attention to tha case of S?, and we explain the details of the conjectured relation
with YMs. Section 3 is devoted to the perturbative expansion of supersymmetric Wilson
loops: in particular we derive a compact formula that encodes the contribution of self-
energy and vertex diagrams to the two-loop expansion of supersymmetric Wilson loops in
N =4 SYM. It gives a manifestly finite result and it is based on a particularly intriguing
“subtraction” procedure, suggested by the light-cone gauge formulation of the theory. In
section 4 we specialize our computations to the case of the cusped loops on S2: by a
mixed combination of analytical and numerical calculations we obtain the fourth-order
contribution, finding exact agreement with the two-dimensional theory. In section 5 we
report on our conclusions and possible future developments. The relation of the formulas
presented in section 3 with the light-cone gauge is the subject of appendix A. Appendix
B contains instead some technical material on the relevant integrals. After submission,



another paper [IJ] appeared addressing the same issues.

2. Supersymmetric Wilson loops and YM,

In the context of AdS/CFT correspondence it is quite natural to consider generalizations
of the familiar Wilson loop operator: the gauge multiplet of N'=4 SYM includes besides
one gauge field, six real scalars and four complex spinor fields and it is then possible to
incorporate them through suitable couplings to the contour. We will consider here the extra
coupling of the scalars ®! (with I = 1,...,6) leading to the following expression [@, @]
for the Wilson loop

W = %Tr?’exp]écdt(i/luﬁc“(t) + |z|e!(t)®!), (2.1)
where z#(t) is the path of the loop and ©'(t) are arbitrary couplings. While this choice
is reminiscent of the ten dimensional origin of the observable, we remark that fermionic
couplings can be also considered [(].

To generically preserve some SUSY one should require that the norm of ©' be one,
but that alone is only locally sufficient. If one considers the supersymmetry variation of
the loop, then at every point along the loop one finds different conditions for preserving
supersymmetry. Only if all those conditions commute, will the loop be globally supersym-
metric. This happens, for example, in the case of the straight line, where £* is a constant
vector and one takes also © to be constant: at every point one finds indeed the same
equation. This possibility has been generalized by Zarembo [[7]], who assigned for every
tangent vector in R* a unit vector in RS by a 6 x 4 matrix M7, and took |#|0 = M7 i+,
If the contour is contained within a one-dimensional linear subspace of R*, half of the
super-Poincaré symmetries generated by Q and Q are preserved, while inside a 2-plane 1/4
of them survives. More generally inside R3 we have 1/8 SUSY and for a generic curve 1/16.

An interesting property of those loops is that their expectation values seem to be trivial,
with evidence both from perturbation theory, from AdS/CFT duality and from a topologi-
cal argument [[I—-pJ]. Although surprisingly this makes these observables somehow trivial
if one would explore the interpolation between weak and strong coupling in A" = 4. On the
other hand it is clear that some amount of supersymmetry should be present in order to
get exact results: one can therefore resort to different loops, preserving some combination
of the super-Poincaré and the super-conformal symmetries, generated by S and S.

The first celebrated example is the circular Wilson loop [26, R7]: the contour z#(t) =
(Rcost, Rsint,0,0) parameterizes a (euclidean) circle while © is a constant unit vector
in RS. Its BPS properties are simply understood: the vacuum of A' = 4 SYM has 32
supercharges generated by the spinors

€(r) = o + xty e, (2.2)

where € is related to the Poincaré supersymmetries and €; is related to the super-conformal
ones. Here v, are the usual Dirac matrices of SO(4) while we will denote by p! the SO(6)
Dirac matrices, acting on the R-symmetry index of € (the two sets of matrices are taken to



mutually anti-commute). At the linear order the supersymmetry variation of the Wilson
loop is proportional to
(—iy1sint +iya cost + p3)e(x). (2.3)

The above combination vanishes when

€0 = Rpsy1y2€1 : (2.4)

these configurations preserve 1/2 of the supersymmetries, always involving super-conformal
transformations. The quantum behavior of this class of loops is far more interesting than
their straight line cousins. For the circular loop, conformal invariance predicts that the
expectation value of the loop operator is independent of the radius of the circle. In their
seminal paper Erickson, Semenoff and Zarembo found that the sum of all planar
Feynman diagrams which have no internal vertices (which includes both rainbow and ladder
diagrams) in the 't Hooft limit produces the expression

(WC>1addcrs = \/% Il( \% g2N)7 (25)

where I; is the Bessel function. Taking the large ¢?/N limit gives

(=2 (PN

(WC>1addcrs = (26)

which has an exponential behavior identical to the prediction of the AdS/CFT correspon-

dence [53, B3],

(We) aas/crr = VN, (2.7)

It is intriguing that this sum of a special class of diagrams produced the exact asymp-
totic behavior that is predicted by the AdS/CFT correspondence, considering that it does
not include any diagrams which have internal vertices. Assuming that the AdS/CFT
prediction is indeed the correct asymptotic behavior, one could optimistically guess that
corrections to the sum of ladder diagrams cancel and the result (B.5) is exact. This ex-
pectation was checked in [2§] by computing the leading order corrections to (R.f]) coming
from diagrams with internal vertices. These occur at order ¢*N? and these diagrams do
indeed cancel exactly when the spacetime dimension is four. Assuming the vanishing of the
interacting diagrams at higher-order at finite N either (consistently with the fourth-order
calculations ) an exact expression for the Wilson loop, by summing the ladder diagrams,
has been further proposed [R7]

(We) = <%Trexp(M)> = %/DM%Tr [exp(M)} exp <—g£2TrM2> . (2.8)

We see that the exact value of the Wilson loop is obtained by computing a particular
observable in a gaussian matrix model, encoding the full resummation of the perturbative
series. We stress that this expression has been argued on the basis of some properties of the
theory in Feynman gauge: the basic assumption that interacting diagrams give vanishing



contribution has been checked indeed in this gauge. Moreover the ladder diagrams can be
summed by the matrix model (R.§) because of the peculiar structure of the combined vector-
scalar propagator: let us consider the 2n-th order term in the Taylor expansion of the loop

1 2T t1 ton—1 ‘ ‘
= / it / dty- - / dton Te( (1A(t1) + B(t1)) - - (1A(t2n) + B(t2n)))-
0 0 0
We are interested in all Wick contractions in the free-field theory, which represent the
contribution of ladder diagrams: in Feynman gauge for the circular loop we have
g26ab ’x(l)Hx@)‘ _ x(l) . $(2) B g25ab
472 () — x(2))2 - 8m2

(14°(11) + ®°(11)) (1A° (2) + B°(t2)) o = (2.9)
Since each propagator is effectively constant, we can easily perform the sum, and account
for the factors of N, by doing the calculation in the zero-dimensional field theory, namely
the matrix model (B.§).

The above picture has passed many tests along the years but only recently an argu-
ment valid at any order in perturbation theory (and also at non perturbative level) has
been proposed [IJ): in particular the new construction is gauge-independent and directly
produces the result (R.§) for the Wilson loop without referring to Feynman diagrams. The
idea consists in formulating N' = 4 SYM on S*: the relevant supersymmetries are generated
by conformal Killing spinors that reduces, in the decompactification limit, to the super-
conformal spinors (R.9). The partition function of the theory can be computed exactly by
deforming the action with a QQ-exact term and applying a localization procedure: the path-
integral collapses on the zero-modes (on S* ) of some scalar fields of the theory, becoming in
this way a simple gaussian matrix model. Quite remarkably gauge fields play no role in the
functional integration, the theory localizing into the (trivial) set of gauge flat-connection
on S*. The circular Wilson loop can be obtained exactly as a Q-invariant observable in this
construction, thanks to its BPS property, and therefore localizes into the constant modes as
well. Instanton contributions are also argued [[i]] to decouple completely from the matrix
computation and therefore (R.§) seems to be exact also at non perturbative level.

These results can be seen as an explanation of the role of the SUSY invariance in
the cancelations appearing at perturbative level, underlying the birth of the magic matrix
integrals: it would be nice of course to discover more general situations in which exact
computations can be performed in this way. Quite happily a new class of BPS Wilson loops,
generalizing the circular loop, has been introduced in [[t]: a simple way to understand their
construction is to observe that it is possible to pack three of the six real scalars into a self-
dual tensor

O, = 0}, M' @ (2.10)

and to involve the modified connection
Ay — Ay +i®, 2" (2.11)

in the Wilson loop. The crucial elements in this construction are the tensors afw: they

can be defined by the decomposition of the Lorentz generators in the anti-chiral spinor



representation (v, ) into Pauli matrices 7;

%(1 — )V = 10,73 (2.12)
where the projector on the anti-chiral representation is included (v°> = —y'42y34%). The
matrix M?; appearing in (BI10) is 3 x 6 dimensional and is norm preserving, i.e. MM T
is the 3 x 3 unit matrix (an explicit choice of M is MY, = M?y = M35 =1 and all other
entries zero).

These o’s are basically the same as ’t Hooft’s 1 symbols used in writing down instanton
solutions, a fact not surprising because the gauge field is self-dual there. Another, more
geometric, realization of them is in terms of the invariant one-forms on S®

2 [i(az2da:3 — 23da®) + (a'dz' — $1d$4)]
gf’L =9 [i(g;?’da:l — zlda®) + (2da® — a:2dx4)] (2.13)
2

a?’L =2 [£(2'd2? — 2%da’) + (ztda® — 23dax?)],
where ot are the right (or left-invariant) one-forms and o are the left (or right-invariant)

one-forms: explicitly

oft =20, 2" dz" . (2.14)

The BPS Wilson loops can then be written in terms of the modified connection A, +
1P, 2" as

1 . RN W
W = N TrPexp?éda:“ (1A, — op,x" M 197 (2.15)

We remark that this construction needs the introduction of a length-scale, as seen by
the fact that the tensor (R.10) has mass dimension one instead of two. The whole procedure
should be consistent therefore when we fix the scale of the Wilson loop. Actually the
operator (R.1§) is supersymmetric only restricting the loop to be on a three dimensional
sphere. This sphere can be taken embedded in R?*, or coincide with fixed-time slice of
S$3 x R. The authors of [i1] have shown that requiring that the supersymmetry variation
of these loops vanishes for arbitrary curves on S leads to the two equations

Vuv€l + z’apri’feo =0,

s (2.16)
Yuv€o +10,,p 7 €1 =0,

that can be solved consistently: they concluded that for a generic curve on S the Wilson
loop preserves 1/16 of the original supersymmetries. For special curves, when there are
extra relations between the coordinates and their derivatives, there will be more solutions
and the Wilson loops will preserve more supersymmetry. A particular interesting case is
when the loop lies on a S2: it is possible to show that these Wilson loops are generically
1/8 BPS and the first perturbative contribution can be explicitly evaluated [[] as

A1 Az
242

(Wg2) =1+ ¢*N + 0(g%), (2.17)



where A is the area of the sphere and A 5 are the areas determined by the loop. This result
deserves some comment: first of all we notice that there is no dependence from the radius of
5?2, the scale length decoupling consistently with conformal invariance. More intriguingly
we see that the overall result does not depend on the particular shape of the loop, but just
on the area of the two sectors A7, Ag: it suggests a sort of invariance under area preserving

transformations. This fact and the appearance of the peculiar combination 2 resemble

1

2
a similar result for pure Yang-Mills theory on the two-dimensional sphere [4]. In that case
the theory is completely solvable [fJ] and the exact expression for the ordinary Wilson
loop is available [56, F7]: restricting the full answer to zero-instanton sector, following the
expansion of [iJ], one obtains

1 A1 Ay g5y A1 Ay
(Wo) = NLJIV—l <9§d 1 ) €xp [—%d 1| (2.18)

where L}V_l(aj) is a Laguerre polynomial. In the decompactification limit this expression
exactly coincides with the perturbative calculation of [Bg], performed by using the light-
cone gauge and the Wu-Mandelstam-Liebbrandt prescription [Ff9—[]], showing that truly
non perturbative contributions are not captured in this formulation of the theory. Let
us notice that this result is equal to the expectation value of the circular Wilson loop
in the gaussian Hermitian matrix model (2.§), after a rescaling of the coupling constant.
After identifying the two-dimensional coupling constant g%d with the four-dimensional one
through g2, = —g?/A, we see that the first order expansion of (P.1§) coincides with (R.17):
the authors of [[]] have therefore conjectured that the 1/8 BPS Wilson loops constructed
on S? can be computed exactly, leading to the two-dimensional result and claimed more
generally the equivalence with the computation of Wilson loop on YMs on the sphere.

We will try in the following sections to substantiate this conjecture computing higher-
order corrections to their results.

3. Two-loop expansion for supersymmetric loops on S?

In this section we discuss the expansion at the first two perturbative orders of supersymmet-
ric Wilson loops lying on S2. In order to perform a quantum analysis in Feynman gauge, we
will need to adopt a regularization procedure, since, as we will see, divergent diagrams could
appear in intermediate steps of the computations. We choose the familiar dimensional re-
duction, consisting in considering N' = 4 SYM in 2w dimensions as a dimensional reduction
of V=1 SYM in ten dimensions. The final results will turn out nevertheless finite, even
in presence of cusps on the contour: we will demonstrate explicitly this property up two
loops. In so doing we will derive a compact expression for the ¢g* contribution of interacting
diagrams, that will allow us to perform plain numerical computations in section 4.

The first ingredient in our computations is the effective propagator appearing in the
perturbative expansion of the Wilson loop i .e the analogous of (2.9), taking into account
the explicit couplings of vectors and scalars to the countour. We shall adopt the short



notation z!' = 2#(t;) and consequently #!" = i#(¢;) and we easily derive

A®(ty,ty) = (1A% (w1)#) + [d1]O7 (1)@ (1)) (1AL (w2)dY + |d2]|©7 (t2) DY (22)))
_ sap L@ = 1) [d]|22[O(t1) - O(ta) — (@' - i?)
A ((5171 _ $2)2)w—1 :

(3.1)

The Wilson loops (B-17) are obtained by choosing |i;|07(t;) = —ob, & ey M5, where o},
are the 't Hooft symbol and M?®; is a rectangular matrix, satisfying M";M?®; = §"° and we

have chosen an S® with unit radius. For this choice, we find

|1 [[£2]O(t1) - O(t2) =M" 1M (07,31 27)(0),575) = (0,81 27) (045 523)

. . . . BV VENe" IB (3'2)
=(&1 - Z2) (21 - w2) — (21 - B2) (@2 - 1) + €prap®) {T5 T,
where we have exploited the following relation which holds for the ’t Hooft symbols
Ufwafxﬁ = (5Ma5yﬁ — 5;1651/04 + €uvap- (33)
This, in turn, implies that our effective propagator has the simple form
Aab(tl, tg) _ 5abr(w - 1) (ml xQ)[(‘Tl "TQ) - 1] - (ml 'i'Q)(‘T2 "fl)—i_eﬂl’aﬁ‘tﬁxlfi%xlg ) (34)

A ((xl _ x2)2)w—1

Since we shall be mainly interested in contours lying on a unit sphere S? inside the original
53 the last term in (B-4) identically vanishes: in this case the four vector 1, &1, z2, &2 cannot
be in fact linearly independent. We are then left with a reduced propagator of the form

A“b(thh):gabr(“’ -1 (jjl'51.72)[(331'$2)—1]—(:E1-jj2)(332.j;1).

i (@1 — 2B (3:5)

In order to investigate the singular behavior of the supersymmetric Wilson loop, it is

instructive to study the effective propagator when t; approaches t,, i.e. when the two

points on the contour are about to collide: it is convenient to rearrange A% (t1,ts) as follows
w—1)[1

811, 12) =0 [ ) (o - o RO SRR (o

Let us consider the case of smooth loops: the above expression (B.g) is composed by two

contributions, that are of the same order in the coincidence limit. A straightforward Taylor-
expansion gives indeed for (B.) the following leading behavior T'(w — 1)(|#1|?)37%(t; —
t2)*72% and it is completely finite when 1 < w < 2. An analogous result holds for smooth
loops with the usual constant coupling, where ©! is a constant unit vector in RS, as
first shown in [P@]. In this last case divergencies at coinciding points could appear when
considering loops endowed with cusps and are related to the famous ”cusp anomaly”, as
discussed in [63]. We can examine the non-smooth loop in our case as well: here the
situations is more subtle. Let z; and xo be the extreme of the propagator approaching
the cusp from the left and the right respectively. If the cusp is located at x = xy, we can

always choose the parametrization of the contour such that z1 = zg + tin1 + O(t%) and



Figure 1: One-loop correction to the gluon and the scalar exchange.

Ty = x0 + tang + O(t3) with n? = n3 = 1 and t1,t2 > 0. Then we find that the leading
behavior of A%(t,t5) when both ¢; and ¢, are close to zero is given just by the second term

(w — 1) 2(1 — (n1 . ng)z)tltg

r
Aab t1.1 N(Sab ’
(t1,t2) Ame (82 4t — 2tita(ng - ng))wL

(3.7)

A simple power counting argument shows that this object is integrable around (t¢1,t2) =
(0,0) for all the values of w less than 3 and in particular for w = 2. This regular behavior
entails therefore an important difference between the family of loops with the new scalar
couplings and the ones previously considered: no singular contribution is associated here to
the presence of the cusp. In some way the celebrated cusp anomaly appears to be smoothed
away at the leading order when considering this class of supersymmetric Wilson loop.
Actually we shall see that this also occurs at two loops and probably it is true at all orders.
We are ready to list and to analyze the different contributions in the expansion up to the
order g*. We shall perform firstly our analysis for a generic contour and subsequently, in
the next section, we shall consider the specific example of spherical sector whose boundary
is two longitudes of the sphere S2.

At the order g2, since no singular behavior is present at coincident points we can write
the relevant integral directly in four dimensions. Denoting the loop with C, we find that
the single-exchange contribution is given by

2

_9N
Wl(C) = 52 Cdtldtg ($1 — x2)2 87

(@rdo)llaraa) =@z _ 9Ny 0 (35

At the order g%, the different contributions are not separately finite and we have to
introduce the regularization procedure. Firstly, we shall consider the effect of the one
loop correction to the effective propagator (B.5). The relevant diagrams are schematically
displayed in figure [Il and in the following we shall refer to them as the bubble diagrams. The
value of the contribution in Feynman gauge can be easily computed with the help of [B€],
where the one-loop correction to the gauge and scalar propagator has been calculated. The
final result is

I'(w-1)
2Tr%(2 — w)(2w — 3) |
(@1-@2)[(z1-w2) —1] — (w1 -@2) (22 1)
X del dro [(x(l) B x(2))2]2w—3
I (w-—1)
27720 (2 — w)(2w — 3) ol

Sy =—g"(N*-1)

Il
—~
@
Ne)
N

5—94(]\72 -1)

cl.

— 10 —



Figure 2: Spider-diagrams: gauge and scalar contribution

Apart from the different power in the denominator, the integrand is identical to (B.§). The
coefficient instead exhibits a pole in w = 2, which keeps track of the divergence in the loop
integration.

The next step, at this order, is to investigate the so-called spider diagrams, namely the
perturbative contributions coming from the gauge vertex A and the scalar-gauge vertex
$*A (see figure fl). We have to compute

3
S =3y f dtrdtydtsn(titats) (Tr[A(t)A(t2) A(ts)]o, (3.10)
where the short notation A(t;) stands for the relevant combination
PG (20)ay — oy, w)wy M* 1D ()

and
n(t1,ta,t3) = O(t1 — t2)0(t2 — t3) + cyclic permutations. (3.11)

After a simple, but tedious computation, in Feynman gauge S3 takes the form

g'(N?* —1)

S3 = 1

?{dtldthtg E(tl,tg,t3)x
(3.12)
L ) .\ 0T —x1,29 —
X [(#1-@3)[(21-23) = 1] = (21 -83) (23-81)] @ 1 82&%2 :cl),
3

where we have introduced the symbol

€(t1,ta,t3) = n(t1, ta, t3) — n(ta, t1,t3),

that is a totally antisymmetric object in the permutations of (¢1,t9,t3) and its value is 1
when t; > to > t3. The quantity Z;(x,)' is defined as the following integral in momentum

d2%p, d2v ip1T+ip2y
Ii(z,y) E/ P1 i b2 262 5 (3.13)
(277) @ plpg(pl + p2)

It is quite important, at this point, to understand the potential divergences arising in (B.19)

space

when w — 2: their appearance originates directly from the integration over the contour.
In fact. since the integral (B.13) is finite and regular for =,y # 0, singularities can only

7, (z,y) is evaluated and its properties are discussed in details in appendix B.
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arise in the contour integration when two of the x; collide. In that case, a pole at w = 2

appears in the expression of Zy(z,y): for z1 = x5 one finds (see app. B)
I'2(w-1) 1

(2w — 3)(2 — w) 6472 [(z; — a3)2] 7"

Il(l‘3 — T, 0) = (3.14)
The same behavior occurs when 1 = x3 or xo = x3 since Z; is totally symmetric in
the exchange of the x;: we observe three different regions, namely [(x1 ~ x3), (1 ~
x3), (x2 ~ x3)], which are potential sources of divergences. Actually, the situation is bet-
ter than what one would naively expect: the true singularity at w — 2 appears just
in a single region, for the following reasons. One observes that the divergent behav-
ior at 1 = x3 becomes integrable because of the presence of the kinematical pre-factor
(21 - 23)[(x1 - x3) — 1] — (21 - 23)(x3 - £1), inherited by the vector/scalar coupling, which
nicely vanishes in this limit. The contribution coming from the region z1 ~ xo becomes
instead ineffective due to the derivative with respect to z3, when acting on Z;. The only
dangerous singularity appears when xg approaches zs.

A similar pattern for the divergences was discussed in [R€] for the usual Wilson-Maldacena
loop (the loop with constant ©). The authors made the crucial observation that the
residual divergence at xo ~ x3 is exactly compensated by a contribution coming from the
one-loop correction to the effective propagator (see figure [, bubble diagram). A subtle
cancelation among singularities in the contour integration and the loop integration yields a
completely finite result for the Wilson-Maldacena loop at the fourth-order in perturbation
theory, in the case of smooth circuits. This nice conclusion suggests that the divergences
appearing in each diagram are indeed gauge artefacts and do not have a physical meaning,
canceling out in the final result. In particular, one could expect that all the diagrams can
be made separately finite with a suitable choice of gauge: in appendix A, as an example,
it is shown that the light-cone gauge does enjoy this property for smooth circuits lying in
the plane orthogonal to light-cone directions.

The situation is analogous for the class of supersymmetric Wilson-loop we are considering.
Firstly, we shall show that we can explicitly factor out the divergent part of the spider
diagram and that it has the same form of the bubble contribution. This can be achieved
by rearranging the original expression (B.I9) for S3 with the help of this trivial identity:

g'(N? - 1)

0= 1

fdtldt?dt?’ ditg {e(tlvt%ts) ((#1-23)((21 - 23) — 1)— 5.15)

— (xl-ig)(xg'il))z-g(xg —Io,x1 — LEQ) .

The definition and the properties of the function Zy are listed in appendix B. With this
addition, the expression can be rearranged by decomposing S3 as the sum of two different
contributions, S35 = A + B, as follows
4 N2 -1
g SN =1 j{ dtydtydtse(ty, ta, t)[(1-i3)[(@1-23) — 1] — (1 -d3) (23-31)] X

! (A)-

) —

o [0T1 (3 — w1, 00 — 1) OTo(w3 — 1,72 — T71)
ozl ozl
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_% %dtldtg ((@1-a3)((21 - 23) — 1) — (21-33)(23-21)) X

X [Ia(ws — w1, 23 — 21) — To(w3 — 21,0)],

(B) (3.16)

where we have used

d%e(tl,tg,tg) — 2(6(ts — t5) — 3t — t2)). (3.17)
2

We start by focussing our attention on B: it has exactly the same structure of the result
So, produced by the bubble diagrams, as can be easily inferred looking at the kinematical
prefactor. We are led to collect all these contributions and sum them together. Exploiting
the explicit behavior of I3(z,y) for y = z and y = 0, as given in appendix B, we can write
the sum of all bubble-like contributions Bist as

_ _ (V') (Tw-2) =
Biot =52 +B = 128721 gin 7w <F(3 —w) 2@ - 4)> melCl= (3.18)
4 2 _ |
_ 9(3];477#1)22[0] +0 ((w—2)).

In other words, when we sum the term B present in (B.16) to the original one-loop correction
coming from the bubble diagrams, we obtain a completely finite result Biot, where the pole
in w = 2 has disappeared. Since the contour integration is also finite in this limit, we can
consistently pose w = 2 in (B.1§).

The finiteness of (B.1§) clearly hints that also the combination A appearing in (B.14)
is free of divergencies, as w approaches two: this is indeed the case. In appendix B we show
that contribution A can be rewritten as follows, once the derivatives have been explicitly
taken

A=— 94(]1\;287:23))(5)(301)_ 2) % dtldtgdtge(tl, to, t3) [(x?» "fl) [(xl 'x3) - 1]_

3.19
_ Cl)]w—ljjz . (1171 - 333) 2F1(17 2w — 27w7£) ( )

(a(zs — 22)2 + (1 — a)(wg — 21)2)22

Here we have denoted with & the following combination of the original coordinates

1
_ (:El.x'g)(:ng.:tl)]/oda o1

(v3 — 21 — (20 — 21))?
a(rs —x2)2 + (1 — a)(zy — 21)2’

which appears in the argument of the hypergeometric function oF;(1,2w — 2;w;&). The
integral (B.19)) is nicely convergent in the limit w — 2, in fact by setting w = 2 we find

YN - 1)

49 (@1-@3)[(21-25) 1] (@1 -d3) (23-d1)
12874

(z3 — 21)?

7§ dtydtadtze(ty, ta, t3)
1 1
o (e — d =
X dz - (3 961)/0 “ales — 22 + (1— a)(w2 — 21)?
g'(N* - 1)

=2 ]édtldtgdtge(tl,tg,tg)

(3.20)

(21-23)[(21-w3) —1]— (21 -33)(23-71) "
(z3 —x1)?
To - (x3 — 1) 1 ((962—351)2)
og )

(23 — 22)? — (22 — 21)? (z3 — 2)?

12874

X
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We remark that the original power-like singularity for zo — 3 has disappeared and it has
been replaced by a milder logarithmic one, which is integrable both for smooth and cusped
loops.

We can actually go further and extract from (B.2() another bubble-like contribution
that cancels completely Bioi! With the help of the following identity

(z3 — 21) - &2 2log<(x2—x1)2> 14 [Lig (1_ (952—331)2>+

(l’g — :E2)2 — (:E1 — l’Q) (l’g — l’2)2 - 2 dtQ (l’g — :E2)2

. 3.21
n <log [(1’3 - x2)2D2 | (w3 —29) ip log <(x2 - a:al)2> (3:21)

2 (333 — x1)2 (xg — 332)2 (xg — 331)2 ’

we can integrate by part (B.20). We arrive to the following expression
40 N2
_g (N 1)
A=k 2[Cl+
4 2 . . . .
g (N*—1) j{ (@1 -d3)[(21-23) — 1] — (21 -@3) (w3-41)
t t1,t )

+ 1287T4 d ldt2dt3€( 1 27t3/ (IIJ‘3 — :E1)2 X (322)

o (w3 = w2) - o log ((332 —331)2>.

(z3 — 22)? (z3 — 21)?

We see that the first term exactly cancels By, and the only surviving contribution from the
spider and the bubble diagrams can be written as a relatively simple convergent integral

g'(N* —1)

(@1-23)[(21-23) —1] — (21 25) (23 31)
12874

%dtldtgdtge(tla ta, t3) (xg — 331)2
_ s o 2
o (B3 — @) i log <(x2 ) ) :

(23 — 22)? (z3 —21)?

Itot =

(3.23)

It is remarkable that this expression holds for any kind of loop on S2, both cusped and
smooth, and being free of divergencies is amenable, if necessary, to a plain numerical eval-
uation, once the contour is specified. An analogous representation for planar contours with
a constant ©! coupling is given in appendix A: in the circular case o is easily seen to
vanish by simple symmetry arguments, recovering without tears the result of [2€].

This is not of course the end of story: we have still to consider the double-exchange dia-
grams to the perturbative expansion of the Wilson loop, namely we have to analyze the
contribution

g—; 740 dtydtadtzdtsO(ty — t2)0(ta — t3)0(ts — ta)(Tr[A(t1)A(t2) A(t3) A(ta)))o.  (3.24)

Recalling that the effective propagator has the color structure A®(ty,ty) = d%A(ty,ts),
the relevant Green function can be written as

(Tr[A(t1) A(t2)Alts) Ata)])o = %Tr([Tb,T“] [T, TN A(ty, t3) A(ta, ta)+
+ Tr(TOTOT T?) [A(ty, t2) A(ts, ta) + Alty, t3) Alta, ta) + Aty ta) At t3)] .

(3.25)
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The term multiplying Tr(T°T%T*T?) is symmetric in the exchange of all the ¢; and therefore
is insensitive to the path-ordering. It simply yields 1/2 the square of the single-exchange
contribution

1 /g®N 1 -d9) (21 -m2) — 1] — (21 -d0) (2-31) \ 2
5 <£;?j€dt1dt2( 1) (@ (21,)1 —]x2§21 2) (@ 1)> . (3.26)

This simple manipulation expresses the trivial exponentiation of the so-called abelian
part of the Wilson loop. The remaining contribution, which is proportional to
Tr([T°, T][T°, T?)), is usually called the mazimally non-abelian part and it is the new
ingredient in the double-exchange contribution. We are left to compute the integral

A2 N2,
W DMw - 1) ]é dtydtadtsdtaf(ts — t2)0(ts — t3)0(t3 — t4) X
C

6472w
(&1-@3)[(21-25) — 1] —(@1-d3) (25-d1) | (F4-@2)[(@a-22) — 1]~ (wg-d2) (22 -d4)
((x1 — @3)?)~ ! (w4 — @2)?)~ ! '

(3.27)

This contribution is of course finite and we can set safely again w = 2.

4. The cusped loop on S2

In the present section we will provide a fourth-order evidence that the supersymmetric Wil-
son loops lying on S? are actually equivalent to the usual, non-supersymmetric Wilson loops
of Yang-Mills theory on a 2-sphere in the Wu-Mandelstam-Leibbrandt prescription [f9-
1], as conjectured in [[]] on the basis of a one-loop calculation. We have not been able
to show this equivalence in general: one should compute (B.23) and (B.27) for a generic
contour on S? and compare the total result with the expansion of (2.1§) at order g* (the
abelian part of the Wilson loop being trivially recovered). This task seems particulary
difficult, especially because we do not see any simple way in which (B.2J) and (B.27) could
generate something proportional to (32[C])2. In the parent circular case, that corresponds
to a contour winding the equator of S?, two obvious simplifications appear: the vanishing
of (B.23) and the constant behavior of the effective propagator, that allows an easy com-
putation of (B.27). For a generic loop on S? both properties seem to disappear, at least in
Feynman gauge, and the matrix model result could be recovered only through a delicate
interplay among interacting and double-exchange contributions. We are led therefore to
check, as first instance, the conjecture against a particular class of loops, for which the
calculation of (B.23) and (B.27) is relatively easy. We will focus on a particular family of

1/4 BPS Wilson loops that can be obtained as follows. Consider a loop made of two arcs
of length 7 connected at an arbitrary angle J, i.e. two longitudes on the two-sphere: an
explicit parametrization is

42
(—%, 0,%) for —oc0o<t<O0
x(t) = (4.1)
(%gCOS&, %gsin& }%;) for 0<t< oo
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0

Figure 3: Stereographic Projection of the “wedge”.

(a) (b) (c)

~

Figure 4: Single-exchange diagrams

This path starts from the south pole of the sphere (0,0,—1) for (¢ = —oc0). When ¢
increases, we move along a meridian ¢ = 0 up to the north pole (0,0, 1), which is reached
for (t = 0). From the north pole, we move back to the south pole along the meridian ¢ = ¢
and we again reach the south pole when { = +o00. In other words, this path is the border
of a spherical sector whose angular width is given by . Notice that our parametrization
for the contour is nothing else but its stereographic projection on the plane. After this
projection, our contour appears as an infinite angular sector (see figure f}). We will call our
contour the wedge. Let us start by discussing, as a warm up, the lowest order contribution.
For this kind of loop the single exchange splits in three sub-diagrams: The diagram (a)
and (b) are equal, since we cannot distinguish the two longitudes. We have that

¢*N [V 1 ¢°N

(a) + (b) =2(a) = o2 _Oodtl /_;dtz CEICESY =35 (4.2)

The diagram (c) is given by

9’N < /wdt —2t1ty + (t1? + t2?) cos(d)
ar? o M)y TP E 1) (2 + 1) (12 + ta? — 29ty cos(0))

where we have performed the change of variable to +— —to. Next we pose t1 = tow and we

(4.3)

() =

integrate over to. Then we get2

_ ¢*N [ log(w) ((w? + 1) cos(d) — 2w) AN (21
()= 4n? Yz 1 (w2 +1—2wcos(d))  4n2 ( — 50— 5)5> - (44)

4 2

2The integral (@) can be computed with the Residue theorem applied to the function

((w”+1)cos(d) —2w) 1 (ilog*(w)  log(w)
(w2 4+1—2wcos(d)) w2 —1 < 4 + 2 )

for a contour that encircles the cut of the logarithm. The cut is taken along the positive real axis.
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1 2 3 4

Figure 5: Double exchange diagrams: type (I)

Summing the three different contributions, we find the first-order contribution

82]5 (27 — 8)5, (4.5)

consistently with the general result of [fl]] and the related conjecture,once one notes that
A1 Ay /A? = 521 — §)/4r2.

The next step is to tackle the double-exchange diagrams, as first contributions at order
g*. Since the abelian part of these diagrams is given by 1/2 the square of the contribution
of order g2, as we have seen in the previous section, we shall focus our attention only to
the maximally non-abelian part. The relevant diagrams can be separated in three different
families, according to the number of propagators with both ends on the same edge of the
circuit. To begin with, we have the case of diagrams of figure . The contributions of
diagram (Ia) and (Ib) are equal. Their value is

(I) =(Ia) + (Ib) = 2(Ib)

Jw_ﬁ‘/dt/dt/dt dt ! =
oL T T A ) (2 D) (82 + D) (a2 + 1) (46)

g* (N
3072

Consider now the second family of diagrams represented in figure . Again the two diagrams
are equal and we can write

(1I1) (HC) (I1d) = 2(Ilc) =
Nﬂ—l > >
cos(6)ti+2tst1+cos(d)ts _
/dtl/ dtz/ dts dt4 (t2+1) (£3+1) (¢24+1) (3 +2 cos(d) tat1 +13 ) (£3+1) (4.7)

cos(é)t2+2t3t1+cos(5)t2
/dtl/ dt?’/tdtZ/ dty (2+1) t2+1)(t§+11)(t§+2cos(a)t3t31+t§)(t§+1)'

The integration over to and t4 are trivial and can be performed analytically. We have

(I1) = B4+1) (B+1) (6 +2cos@)tst +13)  (48)

_ n~! 7 ) tan™ L(t3) (cos(8) (12 + t3) + 2t3ty)

£t [ [ S e
4 N2

E9(8 ; Uop.,

We could now perform the integration over ¢; since the integrand is a rational function of
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2 3 4 4

Figure 6: Double exchange diagrams: type (II)

1

0 0.5 1 1.5 2 25 3

Figure 7: Plot of D; as a function of ¢ in the range [0, 7]. We focus our attention to this interval
because all the integrals possess the symmetry § — 27 — 4.

this variable, but this is not particularly convenient. We would end up indeed with a func-
tion of t; that we cannot integrate analytically, but only numerically. For this reason, we
start our numerical analysis already at the level of Dy. The result as a function of § is given
in figure f]. We consider finally the last diagram contributing to the double-exchange. It is
schematically drawn figure §. The actual integral to evaluate for this diagram is given by

4 2 00 00 t1 tq
(IH) = —g(Ni‘ll)/ dtl/ dt4/ dty [ dtzx
167 0 0 0 0

((t124432) cos(8)—2t1t3 ) ((t224442) cos(8)—2tats) g*(N? —1) D
x (tl2—1—1)(t22+1)(t32+1)(t42+1)(t12—2t3 COS(5)t1+t32)(t22—2t4 COS(5)t2+t42) - 167T4 2

(4.9)

where we have performed the following change of variables t3 — —t3 and t4 — —t4
and then we have rearranged the order of the different integrations. In this form, the
integration over to and t3 can be performed analytically, while the residual two integrations
can be done numerically. The final result for Dy is plotted in figure [ .
Having evaluated the double-exchange diagrams, we are left to consider the effective con-
tribution due to the interactions and summarized in the result (B.23), found in section 3.
In order to write the actual integrals we have to compute, we distinguish two cases: (A)
when the legs of the vertex are attached to the same edge of the circuit (see figure )
and (B) when the legs of the vertex are not attached to the same edge of the circuit (see
figures [LT], {3 ). The diagrams belonging to the family (A) vanish. To convince the reader
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3 4

Figure 8: Double-exchange diagrams: type (IIT)

1.50
1.25

1

5 0. 75
0.5
0.25

Figure 9: Plot of Ds as a function of § in the range [0, 7].

R

(@) (b)

Figure 10: Diagrams of type (A)

let us consider , for example, the first of the two diagrams that it is given by

(t1—t2)? (137 +1)
g0 S (fats +1) log (m)

T dty [dty [ ditse(ts,to,t . 4.10
6474 /—oo1 /—002 /—0036( b 3) (t12 + 1) (t22 + 1) (t2 - t3) (t32 + 1) ( )

This integral is equal to zero because the integrand is antisymmetric in the interchange
(ta,t3), while the integration region is symmetric. We are finally left with the diagrams
belonging to the family (B). We have six diagrams: (1) three with two legs of the vertex
attached to first edge of the spherical wedge and (2) three with two legs attached to second
edge. The contribution of the two classes is equal because our loop is symmetric under
reflection with respect the longitude ¢ = §/2. We shall consider the first class only and we
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2 (@

Figure 11: Diagrams of type (B): set(1)

A L

(@ 3

Figure 12: Diagrams of type (B): set (2)

will multiply the result by two. Then the total contribution of the interaction is given by
the following integral

gt -1 [
Tiot :W dtldtgdtg [(Sgn(t3 — tQ)Vl + sgn(t1 — tg)VQ + Sgn(t2 — tl)V3] =
0
g'(N?—1)
_WItom
(4.11)
where
2 2* cos
2(tats+1)((t12+t32) cos(8)—2t13) log ((:Zi 11))5;1 722;20%:;5));1::; )))
Vi = (12 1) (222 +1) (£3—t2) (£32+1) (t1 2—2¢3 cos(3)t1 +132)
32 2_ cos 2
231 -1) - (0221t o) s () ) (412)
Vo = (124 1) (122 + 1) (£32+ 1) (t22—2¢3 cos(0)t2 +132)
2 2 2 2 (tzftl)z(t32+1)
2((t22—1)t3 cos(8)—t2 (t32—1) ) ((t212+t32) cos(5)—2t1t3) log (27T (1725 cos®) 17 537)
V3 =

(t1241) (t22+1) (t32+1) (12 —2t3 cos(8)t1 +t32) (t22 —2t3 cos(d)ta+t32)

If we expand the logarithms in this expression, we can always perform one integration
analytically: the argument of each logarithm always depends only on two of the three
variables. It turns out that one of the three integrations always reduces to find the primitive
of a rational function. As we have done before, the remaining two integrations can be easily
performed numerically and the result is given in figure [I§ . We can finally collect all the
results to obtain the maximal nonabelian contribution at order g*:

4N?2 -1 4N?2 -1 4N2 -1 4N2 -1
ngb:_g( A )p, 9 )p, + 9 )1, =
3072 8md 1674 6474 (4.13)
__M 2 P +1D—11 :_MR ‘
- gl 384 1T TR ogitet) = gl ‘
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Figure 13: Plot of Lot as a function of ¢ in the range [0, 7].
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Figure 14: Plot of R as a function of § in the range [0, 7).

The plot for R is given in figure [[4. We can easily perform a fit of the numerical result R
with a polynomial of the following form P(8) = cyd?(27—6)2. This particular dependence is
necessary in order to be in agreement with the conjectured relation with the zero-instanton
sector of pure Yang-Mills theory on the sphere. The coeflicient ¢ is easily determined and
it is 1/(48). The difference between R and the polynomial P is less than 1078 over the
whole range of the value of §.

Thus we have

4 2 4 2
g (N —=1) o . 2__9(N_1)2 52 4.14
g dge1 O (2T —0) =~ 0 @m = 0) (4.14)

that exactly coincides with the second order expansion of the matrix model result (2.1§),

W2777,nb —

after the inclusion of the abelian contribution.

We have checked therefore the conjecture at two loops, at least for this particular
class of loops. Now some remarks are in order: first of all we notice that in Feynman
gauge double-exchange diagrams and the interactions conspire to reproduce the matrix
model expression. This has to be contrasted with the circular Wilson loop case, where
interactions vanish and simple exchange diagrams carry over the exact result. This suggests
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that probably there are more clever gauge choice to unveil the birth of the matrix model,
may be contour-dependent. The second observation is that our formulae allow easily to
perform explicit computations for other contours: all the integrals are in fact finite, and
it is just matter of patience to put them on computer and evaluate them numerically. We
remark again that in spite of the presence of the cusp, these supersymmetric Wilson loops
are indeed finite.

5. Conclusions

In this paper we have studied at quantum level a family of supersymmetric Wilson loops in
N =4 SYM which have been proposed in [[]]. The contours are restricted to an S? sub-
manifold of space-time and then for a curve of arbitrary shape a prescription for the scalar
couplings guarantees that the resulting loop is globally supersymmetric. We have shown
that no divergence arises in the perturbative expansion, also when non-smooth ”cusped”
curves are considered and we derived a general compact representation for the contribution
of interactions at order g*. Finally we presented a two-loop computation, supporting
the evidence that this class of loops, that in general preserve four supercharges, may be
described by a perturbative calculation in two-dimensional bosonic Yang-Mills theory on
S2. We chose a “wedge” contour and we performed the necessary analytical and numerical
evaluation to find consistency with the conjecture proposed in [i]]. The agreement with
the prediction of the matrix model, describing the zero-instanton sector of Yang-Mills
theory on S2, is achieved in Feynman gauge after a non trivial conspiration of ladder and
interacting diagrams: in this sense the situation here is quite different from the familiar
circular Wilson loop, where exchange diagrams alone produce the correct matrix integral.

Many open questions remain of course to be answered: while our two-loop calculation
points towards the validity of the correspondence between supersymmetric Wilson loops
on S? and the gaussian matrix model of zero-instanton YMs, further checks, involving
other contours and, may be, higher perturbative orders, are certainly welcome. More am-
bitiously one would like to generalize the localization approach on S*, elaborated in [i(]
for the circular loop, to the present situation, where a different amount of supersymme-
try is preserved. In particular it would be important to understand the contributions of
instantons in this case: instantons have been claimed to decouple in fact when the con-
tour is a circle [[i]]. Another direction of work is to study, in this context, correlators of
Wilson loops, to understand if the matrix model/two-dimensional Yang Mills description
still holds: in the same spirit it would be also interesting to study the correlators with
chiral primary operators, as done in [f4] for a different class of loops. We end by observing
that supersymmetry protects, in this case, cusped loops from being divergent: in a sense
the BPS property smooths away the cusp anomalous behavior. It would be intriguing to
understand better this last point and find, if any, connections among these exact results
and the recent discovered perturbative properties of scattering amplitudes of N' =4 SYM.
All these directions are currently under investigations.
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A. Light-cone analysis of planar Maldacena-Wilson loop

Contributions to the Wilson-loop at @(g*) in light-cone gauge. In this appendix
we present an analysis of the contributions at O(g?) to a space-like planar Maldacena-
Wilson loop in light-cone gauge. We shall show that the diagrams are separately finite and
no divergence arises from the integration over a smooth circuit.

Let us briefly recall some basic definitions and notations.

The light-cone gauge is characterized by the introduction of a light-cone vector
n*, n? = 0leading to the gauge condition n*A, =0, A, being the vector potential (internal
indices are understood). The free vector propagator in momentum space takes the form

1 Py + Duny

Dy (p) = ———
wP) = e |9 T T T ienp

7 being a null vector (7?2 = 0) such that nfa = 1. The usual choice is n* = %(1, 0,0,—1)
and n* = %(1, 0,0,1). The first term in the propagator corresponds to its expression in
Feynman gauge, whereas the second term is characteristic of the light-cone gauge.

Since the loop we are concerned with lies on the plane orthogonal to the gauge vectors, the
O(g*) contribution due to the exchange of two free propagators will not be different from

the one in Feynman gauge and thereby will not be considered here.

The self-energy correction. In ref. [B3] the self-energy corrections to the gluon and
scalar propagators at O(g?) for SUSY N = 4 have been computed. Since the Wilson loop
we are considering lies on the plane orthogonal to the gauge vectors n and 7, it is easy to
convince oneself that only “transverse” Green functions contribute, which, in turn, get only
finite O(g?) corrections in this gauge [60], at variance with the more familiar Feynman
gauge [Pg). Since we expect that all the O(g*?) will be finite, there will be no need of
a dimensional regularization. Typically in momentum space the gluon transverse Green
function receives the O(g?) correction

- 2 2
@) 1g°N |«

—5046@ 5 Ly(1— C)] ) (A1)
where «, 3 = 1,2, Ly is the Euler’s dilogarithm and ¢ = 2”5%.

A direct calculation shows that the term containing the dilogarithm, when Fourier
transformed and integrated over the contour, gives a vanishing contribution. Then the
one-loop correction to the single exchange is

Sy = <8g—;>2 (N? —1) <%2> ]édtgdtl (1 &) = |1 [2] (A.2)

(21 — 2)?

— 23 —



The triple vertex correction. The triple vertex diagram appears in the expansion of
the Wilson-loop at the order g*. It corresponds to compute (we have suppressed a total
factor —ig® /N, that will be inserted back at the end of the calculation)

1 t1 12)
Sy = /O dt, /O dts /0 dty(Tr[A(t) A(ts) A(ts)]) =

/ (A.3)
=3 jq{ dtydiadtan(tytsts) TeA(t ) A(ts) A(ts)]

where

Alti) = Ay (ts)ah (t:) — il (t:)| Do ((t:))- (A.4)

and 7(tq,t2,t3) is defined in (B.1]). Since the measure of integration dtydtadtsn(t1,ts,ts)
is invariant under cyclic permutations, the integrand in ([A.3) can simply be written as

(Tr[A(t1) Alt2) A(ts)]) =i (t1)a" (ta)d” (t) (Tr[Ax(t1) Ay (t2) Ay (t3)]) —

VRN : (A.5)
— 327 (1) (b2) |2 (£3)[(Tr[Ax(£1) Po (t2) Po(t3)])-
To begin with, we shall compute
(Te[AN(t) Au(t2) Ay (t3)]) = Te[T T TN AL (0) A (t2) AL (83)) =
2w 2w 2w ) ) ) A6
_ Tr[TaTch] / d pl(ci )]Z;id p3 etP1-T1+1p2-T2+ip3 T3 <Ai(pl)AZ(p2)AICj(p3)>0_ (A.6)
™
We have introduced the short-handed notation z! = x#(¢;). The tree-level correlation
function (A‘}\(pl)AZ(pg)Af,(pg)) is given in ref. [63]. We get
a b c 2w 2w g abe DP2p o
<A>\(p1)Au(P2)Au(p3)> =(2m)™ 0™ (p1 +p2 + P3) 555 |Ovr | P3p — — D3 | +
D1paP3 )
(A.7)
+ antisymmetrization in (1A) (2u) (31/)],
with p™ = np. Then the contribution to the Wilson-loop is given by
1 T
g ?{dtldtgdtgn(tl,tg,tg)xi\xgngr[A)\(tl)AM(tg)A,,(tg)D =
= ig " Tx[TT"T] jé dtidtadtze(ty, ta, t3) (1 - &3)x (A.8)
» .u/d2°"p2d2“’p3 etp2-(z2—z1)+ip3-(z3—z1) [pg B @p_ﬂ
2 @m ppi(pe +ps)? Yoops L

where €(t1,t2,t3) is the same function defined in section 3. eq. (A.§) can be then cast in
the form

1 BT
g %dtldtgdt377(t1,tg,t3)l‘i‘l‘g$3Tr[A)\(tl)A“(tQ)A,,(t;;)D =

= gfabcTr[TaTbTC] %dtldtgdtge(tl, tg, tg)(x'l . ig)X (Ag)
. 0Ly (z3 — a1, 20 —x1) . OIp(x3 — a1, 22 — 21)
X | To — T2 )
Ors O
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which implicitly defines the functions Z; (x5 —x1, ze — 1) and Zy(z3 —x1, 2 —1). Actually
for a planar space-like Maldacena-Wilson loop the function Zy(z3 — 1,22 — x1) can be
rewritten in a way which is manifestly Lorentz invariant. Any reference to the original
light-like directions disappears. The explicit expressions for Zy (3 —x1,x2—x1) and Za(x3—
x1,x9 — x1) are given in appendix B.

Similarly, the scalar contribution turns out to be

}{dtldt2dt377(t1t2t3)5t>\(tl)|i7(t2)||j3(t3)|<H[AA(t1)<I>0(t2)<I>0(t3)]> =

= gfeTy[TT T ?é dtydtadtze(titats)|(t)|]3(t3)] % (A.10)
. OLy(xz3—x1, 29 —x1) . OIa(x3 —x1,22 — 1)
X | T2 — T2 )
A 0o

where symmetry properties of the integrals have been suitably taken into account. Sum-
ming together vector and scalar contributions, we eventually obtain

53 :gfabcTI‘[TaTbTC] %dtldtgdtge(tltgtg)((il . (/'Ug — ’i(tl)H(fU(tg)’)X

A1l
y (i‘Q' 81'1(903—3:1,902—3:1) o 812(%3—%1,%2—x1)> ( )

Z2
8953 8%2

This expression, a part from the kinematical factor, is identical to A in (B.16). From here
on we can follow exactly the same steps taken in section 3. We shall again find that S5
cancels with a term coming from integrating by parts Ss.
Eventually we are left with the gauge invariant result
4 2 . . . .
g (V= — 1)7{ (@1 - &3 — [@(t1)||£(E3)])
=~ @ dt1dtodtze(titot X
1281 1dtadtse(titats) (z1 — 73)2
_ . q — 2
% (73 — x2) - @2 log((iﬂz 1) >

(23 — 2)? (23 —21)?

Itot = -

(A.12)

We stress again that in light-cone gauge both self-energy correction and triple-vertex con-
tribution are finite, at variance with what happens in Feynman gauge; there the two
corrections exhibit a pole at w = 2 and only in their sum the pole cancels and the finite
quantity Zit is eventually recovered.

It is almost trivial to realize that Zi,; vanishes identically when the contour is a circle.
Choosing the usual trigonometric parametrization for the circle, we can write

40772
g*(N*—1) to — 13 1 — cos(ty — t2)
Tt = — 2~ — 74 todtze(t ] — 0.
tot 51274 dtidtadtse(titats) cof 2 8 1 — cos(ts — t1) 0
(A.13)

e(ttats) cot <t2 — t3> log (1 —cos(ty = t2)> (A.14)

2 1 — cos(ts —t1)

since the integrand

is antisymmetric under the exchange to < t3, while the measure dt;dtodts and the region
of integration are symmetric.
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B. Some properties of the integrals Z;(x,y) and Z(x, y)

For the integral Z;(z,y) defined in (B.13) one can easily perform the integration over the
momenta. In order to integrate over pi, we first introduce the Feynman parametrization
for the two denominators, which depends on p;. Then we perform the change of variable
p1 — p1 — apo. This yields
d2wp1d2wp2 eP1T+ip2y
Li(z,y) = / i
2m)%  pips(p1+p2)?

d2wp2 eng y— ax) d2wp1 eiplx
/ / 27)2w / (2m)2 [p? + a(1 — a)pi]?

The integral over p; can be now evaluated by means of the Schwinger representation for
the denominator in (B.1]). We obtain

2w ng(y ax)
I( / da/ dﬂﬂl w/ (é )p2i 5 e—@—ﬁa(l a)p3 —
T D5

d2wp2 eipg(y—ax) 22 a9
do 1—oz“’2/ d 1_“/ e 1B PP,
= (o et = [Tange [ G

The integral over the second momentum can be now performed by introducing a second

(B.1)

(B.2)

Schwinger parameter A. We end up with the following parametric representation for Z; (z, y)

( 7041)2 1201(17&)

1 oo o0
<4—7r1>2;0da<a<1—a>>“"2 /0 appL— /0 ANA+P) e SO (B.3)

By setting 7 = A + 3, we can first integrate over § and then over 7. In fact

Il($7y) =

(y— a:v)2 1204(1704)

Zl(ﬂfay) (4 1) /da( (1 _ a))"-’—2/ dTT—w/O dﬂﬂl w — U _safe)
4w 2 —w oy 1)27_ 5 -
47r 2w /da/ drm¥"2e P<w_27w>:

B.4
ECS Ny (T S (B4

6w - 1) [z = y)? + (1 — ey

(y — az)®
Fi{1,2w—3 .
ani (12
In the last equality, we have used the following integral given on the table
X a1 - "T(p+v) 8

n-le=fep d ZEL_____F<1 +up+ 1, B.5
| et ants = SN R (L 1 (5.5

This representation is useful to study the behavior around x = 0, y = 0 and y =
Since (B.1)) is manifestly symmetric in the exchange x <> y and = < y — z, it is sufficient
to study the behavior only around z = 0. The other two cases will obviously display a
similar behavior. At x = 0 we find

Il(O,y) _ I‘(Zw 3)2F1 (1 2w — 3 W, 1 da 1 _ a _
647‘(2“)( . 2w 3
) (B.6)
M (w — 1)

:@M%Qw—aa—wnfﬂh3
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The integral Zs(z,y) is defined as follows

. Pw-3) [ a1 —a)?
In(z,y) = T 6an (= 1)/Oda [a(l — a)a? + (y — a2)2™ (B.7)
X o F <1=2W 3w, (y —ax)? 4+ a(l - Oé)$2> '

The origin of this object is explained in appendix A and it is related to light-cone gauge
analysis of the Wilson-loop. There, its definition is given in momentum space. The expres-
sion (B.7) is obtained performing the integration over the momenta along the same path
followed for Z; (z,y).

In the following we shall compute its behavior at t =0, y =0 and y = z. At x = 0:

~ T(w—3)9Fi (1,20 - 3,w,1) 1aa‘”_1 e
IQ(‘Tﬂy) - 6472w [(ﬂ)2]2w_3 (w - 1) /Od (1 ) -
L I'(w-1) B ‘
C18r(2 - w)(2w - 3) (AT .
1
= w2 Y ((w~2)°)
At y=0:
W — 1
To(x,y) = _647T2WF(£J2— 1)?:1]%_3/0daa2_“’(1 — )% (1,2w — 3,w,a) =
_ Tew -3 -—wlw-1) " o _
B 6472 (w — 1) [2]* 73 shall 2o =33 = w21 (B.9)
2w —-3I'B-wl(w—-1)(IMNw—-2) -2I'G —w)['(2w — 4))
T 64m2e [7]>73 4w —2)3T(2 — w)T (2w — 4)
== —m + O ((w — 2)1)
At y=ux:
w — 1
I, = _647T2Wf£2— 1);)2]%_3 Odaa“’_l(l —a)' 7Y x 5P (1,20 — 3w, 1 —a) =
N _Féz;u?;(iﬂ:(i)iﬂ;u])?gg) 3F(1,20 = 3,2 —wiw, 2/1) = (B.10)
 Tw- 3T - w)T(w) |~ reareey '
6472 (w — 1)[z2]2@—3 2(w —2) N
1

- 6474 (w — 2)x? +0 ((w-2)")

A useful combination of Z; and Zs. In the following we shall show that the following
combination of the derivatives of Z; and Z,

V., — 8Il(x7y) _ 812(x7y)
B Ogm oyr

(B.11)
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can be reduced to a very simple form. First, we shall take the derivative. We find

L () [ -

'2w—-3) [ [a(l—a)v2 o¢ o€ (B.12)
T A (w — 1)/oda[(z7 - a:ﬁ)2]2“_3G €l (@ * aa—yu> ’
where
_ (g - ax)Z _ f2w-3
$= a(l — )22 1 (j — ax)? and Gl =& (1,20 — 3,w,8). (B.13)
Since ” ” )
T
<gﬁ+a@p>=—%1—9§§, (B.14)
the expression for V,, can be rewritten as follows
_ 2I'(2w — 3)z* ; 1—w W] A—2w 2w—2
Wﬁ“VMﬁ%w—lxﬁyw%&mW@‘*m Glelet 21— >, (B.15)

The derivative of G[¢] can be now computed by using the well-known properties of the
hypergeometric functions:

20.)_3 2Qw—4
= —&“ N woF1 (1,2w — 3,w, &) + £9F1(2,2w — 2;w + 1;€)) =
T (W ( §) + &2k ( £) (B.16)

= (2w = 3)E* L F1 (1, 2w — 25w;€)

G'(8)

where we have used the identity

Y2 Fi (e, B;7; ) — vaFi(e, B+ 1;7;6) + alaFi(a+ 1,8+ 1,7 + 1;€) = 0. (B.17)
Thus
I'(2w — 2)aH ! w o
Vo= ‘327T2w<(ww_ 1)<);z)zw_z/0da[a<1 — ) e (12w - 2w ) (1 - 9272 (BIS)
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